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A plane strain study of wedge indentation of a thin ﬁlm on a substrate is performed. The
ﬁlm is modelled with the strain gradient plasticity theory by Gudmundson [Gudmundson,
P., 2004. A uniﬁed treatment of strain gradient plasticity. Journal of the Mechanics and
Physics of Solids 52, 1379–1406] and analysed using ﬁnite element simulations. Several
trends that have been experimentally observed elsewhere are captured in the predictions
of the mechanical behaviour of the thin ﬁlm. Such trends include increased hardness at
shallow depths due to gradient effects as well as increased hardness at larger depths
due to the inﬂuence of the substrate. In between, a plateau is found which is observed
to scale linearly with the material length scale parameter. It is shown that the degree of
hardening of the material has a strong inﬂuence on the substrate effect, where a high hard-
ening modulus gives a larger impact on this effect. Furthermore, pile-up deformation dom-
inated by plasticity at small values of the internal length scale parameter is turned into
sink-in deformation where plasticity is suppressed for larger values of the length scale
parameter. Finally, it is demonstrated that the effect of substrate compliance has a signif-
icant effect on the hardness predictions if the effective stiffness of the substrate is of the
same order as the stiffness of the ﬁlm.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Indentation or hardness tests have for a long time been used in order to characterize conventional engineering materials
such as metals and alloys. In recent years, such tests have received increased attention due to the development of new exper-
imental devices, such as the nanoindenter, (Pethica et al., 1983), which enable the determination of the material properties
from extremely small samples. Another reason for the renewed interest in indentation testing is the fact that, for many new
engineering materials, for example ceramics, a standard uniaxial test often fails to deliver reliable results. Indentation is then
the only alternative for material characterization even though the interpretation of the experimental results is a fundamental
difﬁculty in this case.
From a practical standpoint, indentation is among themostwidely usedmethods to perform the difﬁcult task to investigate
the material properties of very thin ﬁlms or coatings, and has been successfully applied for a broad range of materials when
determining the strengthvery near the surface. Dependent on the shapeof the indenter, Brinell (spherical indenter), cone, Vick-
ersorBerkovich (sharp indenters) are themost frequentlyused indentationmethods (geometries). In the caseof thin specimens
though, sharp indentation for material characterization has received a fairly wide acceptance because the large size of the
spherical impressionmay prevent the use on small samples or in critically stressed parts where the indentation could be a po-
tential site of failure. Thus,micro- or nanoindentationprovides information about elastic andplastic deformationona localized
scale and it is particularly attractive for thin ﬁlms with a typical thickness of a few micrometers or less.. All rights reserved.
.
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the experimental results are to be interpreted for the purpose of, most often, material characterization. When it comes to
classical elastoplastic materials, a lot of knowledge has been gained and classical results by Tabor (1951) and Johnson
(1970, 1985) have been mainly conﬁrmed but also improved by studies based on modern experimental and numerical meth-
ods, cf., e.g., Bhattacharya and Nix (1988), Laursen and Simo (1992), Biwa and Storåkers (1995), Giannakopoulos et al. (1994),
Larsson et al. (1996) and Mesarovic and Fleck (1999). Accordingly, for such materials indentation can nowadays be consid-
ered as a reliable and straightforward method for determining the material properties, also when thin ﬁlm/substrate systems
are at issue.
However, when it comes to other types of constitutive behavior much less is known which of course is unfortunate. In-
deed, the development of the nanoindenter has strongly indicated the need for a better understanding of strain gradient ef-
fects as such are very much present at, say, sub micrometer indentation. In recent years, progress concerning this issue has
been achieved by, for example, Nix and Gao (1998), for sharp indentation and by Swadener et al. (2002), for spherical inden-
tation. In the study presented by Nix and Gao (1998), a mechanism-based strain gradient plasticity theory, taken directly
from the Taylor dislocation model, developed by Gao et al. (1999) and Huang et al. (2000), was used. Furthermore, experi-
mental and numerical studies of strain gradient effects at thin ﬁlm indentation have also been presented (Saha et al., 2001;
Saha and Nix, 2002; Chen et al., 2004; Zhang et al., 2007). Accordingly, quite a few investigations concerning strain gradient
effects at indentation have been presented even though the theoretical treatment rests on particular constitutive models.
Recently, however, Gudmundson (2004) presented a uniﬁed treatment of strain gradient plasticity covering a large range
of strain gradient effects in isotropic materials. The theoretical framework was subsequently implemented by Fredriksson
et al. (2008) in the commercial ﬁnite element program ABAQUS (2006). It is the present intention to take advantage of
the achievements presented in Fredriksson et al. (2008) in order to analyse strain gradient effects at indentation of thin ﬁlms.
The strain gradient plasticity theory used in the present analysis requires additional boundary conditions for plastic
strains or conjugate tractions. This implies a need for enhanced degrees of freedom in a ﬁnite element implementation,
which means that writing a material routine for an existing element in a ﬁnite element program does not sufﬁce. An element
formulation that activates all required degrees of freedom is required. Consequently, the user element interface UEL in ABA-
QUS/Standard has been used. Constitutively, a rate-independent model has been used based on assumptions leading to a
framework which displays several common features with conventional plasticity theory. The theoretical framework differs
from other formulations in that the direction of plastic ﬂow is governed by a micro-stress tensor instead of the stress devi-
ator, which is the conventional assumption.
The problem singled out for analysis concerns wedge indentation of a thin ﬁlm/substrate system assuming plane strain
conditions. Indentation of thin ﬁlm/substrate systems is perhaps the most common situation when sub micrometer inden-
tation is used for material characterization. The reason for analysing plane-strain wedge indentation is ﬁrst of all practical as
implementation of the present constitutive model for axisymmetric or 3D-problems has not yet been completed and a cor-
responding analysis of such problems is left for future studies. Second, though it is indeed also of interest to be able to com-
pare the inﬂuence of the indenter geometry on indentation results, in this case, the plane-strain results can be compared to
the previously mentioned results from axisymmetric studies. In the numerical calculations, the substrate is assumed to be
elastic or rigid while, as mentioned above, the ﬁlm is described constitutively by the strain gradient plasticity theory. A com-
prehensive set of experimental data has been presented by Saha and Nix (2002) and it will be shown that the majority of the
phenomena presented by these authors are qualitatively captured in the present simulations.
The most important quantities given by an indentation test are the hardness H, here and in the sequel interpreted as the
mean contact pressure, the contact area A or, alternatively, the relation between the indentation force, P, and the indentation
depth, h, during loading as well as during unloading. As discussed somewhat above, these quantities can be used in order to
determine the constitutive properties of a material and are consequently analysed here for strain gradient plasticity. In this
context, it should be emphasized that at sharp indentation, but not at for example spherical indentation, of classical elasto-
plastic materials the pertinent relations are independent of indentation depth as no characteristic length is present in the
problem. This is in contrast to the situation in the present analysis where both strain gradient and interface effects will intro-
duce length scales into the problem. Consequently, one of the most important tasks here is to investigate the region of valid-
ity for different solutions representing these different physical features.
To conclude then, the present investigation concerns a numerical analysis of wedge indentation of thin/ﬁlm substrate sys-
tems where the material behaviour of the ﬁlm is modelled by strain gradient plasticity. A few previous investigations dealing
with similar problems have been presented in the literature but the present study include two new features of interest. First
of all, the general theoretical framework for strain gradient plasticity presented by Gudmundson (2004) is used in the anal-
ysis and second, wedge indentation, not previously investigated in this context, is considered. Consequently, both the inﬂu-
ence of material model and of indenter geometry can be determined by a comparison of present and previous results. In
addition to this, the effect of substrate compliance is also studied in some detail.2. Theoretical framework
The basic structure of the strain gradient plasticity theory used in the present analysis is set in Gudmundson (2004) and
only the most important equations will be outlined here. Details can be found in Fredriksson et al. (2008). Conjugate stresses
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p
ij ,
and the moment stress mijk, which is conjugate to 
p
ij;k. The strains are assumed to be small, such asij ¼ 12 ðui;j þ uj;iÞ ð2:1Þholds for displacements ui. It has been shown by Larsson (2006) that global parameters such as load–depth relations as well
as hardness can often be captured with sufﬁcient accuracy within a small strain framework while ﬁeld variables are not well
reproduced at sharp indentation by such an approach.
The material response is assumed to be rate-independent and is described by the following free energy density function:W ¼ 1
2
Dijkleij
e
kl þ L2Gpij;kpij;k
 
: ð2:2ÞThe following relations can then be directly obtained:rij ¼ oWoeij
¼ Dijklekl; ð2:3Þ
mijk ¼ oWopij;k
¼ GL2pij;k; ð2:4Þwhere Dijkl is the elastic stiffness tensor, G is the elastic shear modulus and L is a material length scale parameter. The ﬁrst
relation is Hooke’s generalized law and the second is the simplest possible relation for energetic hardening by plastic strain
gradients. Here, a more general, invariant form can be used which introduces three independent length scale parameters in
Eqs. (2.2) and (2.3), see, e.g., Gudmundson (2004) and Fleck and Hutchinson (2001)). Plastic loading is governed by a ﬂow
surface f, such thatf ¼ qe  rf ¼ 0 ð2:5Þis fulﬁlled. The effective stress qe ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3=2qijqij
q
has been introduced. The hardening is assumed to be linear and isotropic such
that the ﬂow stress rf evolves according torf ¼ ry þ Hfpe ; ð2:6Þ
where ry is the yield stress and Hf is the hardening modulus. Normality gives the increment in plastic strain as_pij ¼ _k
of
oqij
¼ _k3
2
qij
qe
; ð2:7Þwhere _k is a plastic multiplier, which can be identiﬁed with the effective plastic strain _pe ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2=3 _pij _
p
ij
q
. The consistency rela-
tion ensures that the stress state does not leave the ﬂow surface_f ¼ oqe
oqij
_qij  Hf _k ¼ 0: ð2:8Þ2.1. Principle of virtual work and ﬁnite element equations
The theoretical formulation above is used in a ﬁnite element implementation, which is based on the variational principleZ
V
_rijd _ij þ ð _qij  _rijÞd _pij þ _mijkd _pij;k
 
dV ¼
Z
S
ð _Tid _ui þ _Mijd _pijÞdS

Z
V
rijd _ij þ ðqij  rijÞd _pij þmijkd _pij;k
 
dV 
Z
S
ðTid _ui þMijd _pijÞdS
 
:
ð2:9Þ
The bracket terms are equilibrium correction terms. The corresponding strong form is the two sets of differential equationsrij;j ¼0 in V ; ð2:10Þ
mijk;k þ sij  qij ¼0 in V ; ð2:11Þwhich have to be fulﬁlled together with boundary conditions for _ui or _Ti and _
p
ij or _Mij, respectively. The stress deviator is
denoted sij. Eq. (2.10) is the conventional equilibrium equation in the absence of body forces and Eq. (2.11) balances the high-
er-order stresses according to the inﬂuence by plastic strain gradients. In the absence of any gradients in plastic strain, Eq.
(2.11) will give qij ¼ sij, since mijk vanishes. The theory then reduces to the conventional J2-framework.
For a numerical solution by the ﬁnite element method, a discretization technique is used that in addition to the displace-
ments ui, employs the plastic strains 
p
ij as independent variables, see Fredriksson et al. (2008). Within each element, these
ﬁelds are assumed to have the following form:
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Xnu
I¼1
NIuðnkÞdIi ; ð2:12Þ
pij ¼
Xnp
I¼1
NIpðnkÞeIij: ð2:13ÞHere, ni denote three natural coordinates, eIij and d
I
i are nodal values at node I, for plastic strains and displacements, respec-
tively, and NIp and N
I
u are standard shape functions. The number of nodes that are utilized for the displacement ﬁeld are nu
and for the plastic strain ﬁeld np. Strains and plastic strain gradients are obtained as the derivativesij ¼
Xnu
I¼1
1
2
BIujd
I
i þ BIuidIj
 
; ð2:14Þ
pij;k ¼
Xnp
I¼1
BIpke
I
ij; ð2:15Þwhere BIui and B
I
pi are spatial derivatives of the shape functions for displacements and plastic strains, respectively. If the above
discretization together with the principle of virtual work is written in matrix form, the following equation is obtained for one
element:ke _pe ¼ _fe  fci  ceg; ð2:16Þ
whereke ¼
ku kup
kTup kp
" #
; _fe ¼
Z
S
NTu _tu
NTp _tp
" #
dS ð2:17Þare the element stiffness matrix and force vector, respectively. The matrices Nu and Np contain the shape functions and tu
and tp the Cauchy and moment tractions, respectively. The bracket terms ci and ce are the equilibrium correction terms
and _pTe ¼ ½ _dT _eT  is a vector of displacement and plastic strain degrees of freedom, respectively. Explicitly,ku ¼
Z
V
BTuDBu dV ; ð2:18Þ
kup ¼
Z
V
BTuDNp dV ; ð2:19Þ
kp ¼
Z
V
NTpðDq þ DÞNp þ BTpDmBp
h i
dV ð2:20Þhold, where Bu and Bp are matrices of spatial derivatives of the shape functions for displacements and plastic strains, respec-
tively. Further,Dq ¼23
2
3
ðh E0ÞrrT þ E0Iq
 
; ð2:21Þ
Iq ¼diag 1 1 1 1=2 1=2 1=2½ ;
ð2:22Þ
Dm ¼GL2Im ð2:23Þ
Im ¼
Iq 0 0
0 Iq 0
0 0 Iq
2
64
3
75; ð2:24Þwhere ½rij ¼ ð3=2Þðqij=qeÞ and D is the elasticity matrix. The parameter E0 is a penalty parameter that is required in order for
the consistency condition equation (2.8) to be fulﬁlled, see Fredriksson et al. (2008) for details.
3. Problem formulation and numerical implementation
3.1. Problem
A ﬁlm/substrate system with width and thickness 100t and ﬁlm thickness t is indented by a wedge, see Fig. 1. The
wedge is assumed to be rigid and frictionless contact is assumed as frictional effects are known to be small when global
indentation properties are concerned, cf., e.g., Carlsson et al. (2000). The tip angle is a ¼ 20, which corresponds approx-
imately to a Vickers indenter. Depending on the mechanical behaviour, the deformation may result in material being
piled-up or sinked-in outside the contact edge. Pile-up or sink-in is not known à priori, but is an outcome of the result-
ing deformation ﬁeld. As a consequence, the actual contact depth will differ from the indentation depth as well as the
actual contact area A (per unit length) from the nominal contact area An (per unit length). For pile-up, hc=h > 1 and
film
substrate
h
sink-inpile-up
hc
hc
t
P
Fig. 1. Problem setup consisting of a thin ﬁlm on an elastic substrate being indented by a rigid wedge at frictionless contact. The indentation depth is
denoted h, the ﬁlm thickness t, the force P (per unit length) and a is the tip angle. The actual contact depth hc, which is a result of the deformation ﬁeld, may
exceed the indentation depth (pile-up) or fall below (sink-in).
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A=An) is constant at indentation of a half-plane of homogeneous material where the constitutive behaviour is described
by J2-plasticity. This is due to the fact that the problem is self-similar with no characteristic length present. In such a
situation then, this ratio can be used for material characterization. In theory, this could be the case also at indentation of
strain gradient materials even though the difﬁculties involved are then substantial in particular when thin ﬁlm/substrate
systems are at issue. Some guidance however, as regards for example the length scale parameter can deﬁnitely be given
by studying the value on hc=h and A=An.
The hardness is deﬁned as the average contact pressure, H ¼ P=A, which according to Fig. 1 givesH ¼ P tana
2hc
: ð3:1Þ3.2. Implementation
The ﬁlm is constitutively modelled using strain gradient theory and the substrate is assumed to be governed by isotropic,
linear elasticity. Numerical results have been generated with the ﬁnite element code (ABAQUS, 2006). The theory has been
implemented in the general element interface UEL and is used in conjunction with the existing contact routine in ABAQUS.
Node-to-surface contact is used which is enforced using the augmented Lagrange method. The boundary conditions are gi-
ven by the symmetry conditions as well as the higher-order boundary condition pij ¼ 0 at the ﬁlm/substrate interface, which
is non-conventional. The latter is motivated by the constrained dislocation movement that exists at an interface that sepa-
rates a ﬁlm and a substrate.
The ﬁnite element used in the simulations is a 4-noded isoparametric, bi-linear, quadrilateral plane strain element.
The element interpolates plastic strains (p11; 
p
22; 
p
12) in addition to displacements (u1;u2), see Eq. (2.12) and (2.13).
Hence, ﬁve degrees of freedom is used for each node. In the ﬁnite element model, element density is high in the vicinity
of the indenter and in a region in the substrate close to the interface between the ﬁlm and the substrate. In total, 4935
elements and 5057 nodes have been used in the model of which 3458 elements and 3618 nodes belong to the ﬁlm, see
Fig. 2. The total number of degrees of freedom is 25,566. The implementation has been veriﬁed against analytical solu-
tions as well as the elastic and local plasticity solution (Fredriksson et al., 2008). Mesh convergence, in relation to the
contact problem, was also studied extensively and it was found that a ratio, between the element length in the contact
region and the ﬁlm thickness, being 0.02 was sufﬁcient in order to obtain high accuracy results. Decreasing the element
size further by a factor of 4 changes the hardness values by an amount of 0.8%. The thickness and width of the ﬁlm/
substrate system, 100t, proved to be sufﬁcient for strain gradients to vanish. Hence, the outer boundaries of the model
are representative of a half-plane with inﬁnite boundary conditions. In order to further check the reliability of the num-
erics involved in this investigation the behaviour of the load P, and the contact area A, at progressing indentation was
studied. When homogeneous materials governed by J2-plasticity are at issue it is easily shown by dimensional consid-
erations that these quantities should be linear functions of the indentation depth h. This feature was captured with very
good accuracy in our FEM-calculations giving further conﬁdence in the reliability of the presently used numerical
scheme.
Fig. 2. Finite element model of the ﬁlm/substrate system. The entire model (top) and a close-up of the contact area in the ﬁlm (bottom) is shown and nodes
at the interface are highlighted.
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4.1. Inﬂuence of the material length scale parameter
In Sections 4.1 and 4.2, situations will be analysed where the ﬁlm is much softer than the substrate. In fact, the substrate
will be assumed to be rigid such that the deformation is neglected. Hence, the substrate is removed from the simulations and
replaced by clamped boundary conditions. First, the inﬂuence of the material length scale parameter on the response of the
ﬁlm will be studied. The parameters used are E=ry ¼ 400, E=Hf ¼ 40, m ¼ 0:3. The penalty parameter is given by E0 ¼ 100Hf .
In Fig. 3(a), load–depth relations are shown and in Fig. 3(b) the hardness is shown for different depths of indentation. The
conventional J2-solution (equivalent to L ! 0) is included. It can be observed that initially, the hardness decreases with
increasing depth. The hardness does, however, not approach the value predicted by the local theory, but it reaches a plateau,
Hplateau, after which it increases. This behaviour is not observed for bulk materials, where the hardness for larger depths of
indentation saturates at a constant value. Consequently, this effect is solely due to the presence of the substrate. Experimen-
tal observations have been reported by Saha and Nix (2002), which also clearly display this type of behaviour. Numerical
results from simulations by Saha et al. (2001) and Chen et al. (2004) have also predicted this behaviour. Further, the location
of the plateau is found to scale with the length scale parameter L, which is illustrated in Fig. 4 for two levels of hardening of
the material, E=Hf ¼ 40;20. The quantity H plateau is the local minima that deﬁne the plateau of the predicted hardness. It can
be seen that the scaling is linear for different values of the length scale parameter and Hplateau is shifted as the hardening
modulus increases.
The length scale parameter has a profound inﬂuence on the deformation ﬁeld. This is obvious since L 20;1½ generates
theoretical predictions which falls between the local J2-solution and the elastic solution. The elastic solution, equivalent
Fig. 3. Relations for different values of the internal length scale parameter. The hardening is deﬁned by E=Hf ¼ 40. (a) Load–depth relation and (b)
hardness–depth relation.
Fig. 4. Plateau values of hardness vs. material length scale parameter. Two values of the hardening modulus of the material has been used, E=Hf ¼ 40;20.
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Since plastic deformation is incompressible, this means less and less relative volume change. The material is then pushed
upwards and the actual contact area increases. The largest contact area, predicted by the conventional J2-theory, is ap-
proached by the smaller length scales. Consequently, at some intermediate length scale, sink-in behaviour is turned into
pile-up behaviour, which is shown through the ratio hc=h at h ¼ 0:5t in Fig. 5. The transition length scale is denoted L. This
behaviour is important in the case of material characterization of thin ﬁlms and especially for very thin ﬁlms on hard sub-
strates, where the pile-up effect is signiﬁcant. Many standard indentation procedures do not account for pile-up, which
means that an overestimation is obtained in the hardness calculations. It should be emphasized that this effect is present
for all types of material behaviour and is not restricted to strain gradient plasticity. In addition, it should be mentioned that
sink-in deformation also can cause problems when experimental results are to be interpreted as in such a case the true con-
tact area is difﬁcult to determine. Numerical results as presented here can then serve as a useful guidance.
4.2. Effect of the hardening modulus
In Fig. 6(a) and (b), relations are shown for different hardening moduli, Hf , of the material. It can be seen that the hardness
raising effect of the substrate is ampliﬁed as the hardening modulus increases in Fig. 6(b). This originates from the reduced
plastic relaxation under the indenter. The inﬂuence on the stress ﬁeld from the indenter is increased as the plastic deforma-
tion is decreased for increasing values of L. The location of the plateau is constant for different values of Hf , as well as the rate
of the initial decrease in hardness. One can expect that materials that display a lower degree of hardening, for which the
substrate raising effect is not visible in the range of depths presented here, the substrate would inﬂuence the hardness at
larger depths of indentation, h > 0:5t. In order to capture such behaviour with the present strain gradient model, a ﬁnite
strain framework is recommended, and most probably needed.
4.3. Inﬂuence of substrate compliance
The deformation of the substrate is now accounted for. Depending on the level of this effect, the measured hardness of
thin ﬁlms may be more or less affected at particular values of h=t. The ratio E ¼ Esubstrate=Efilm characterizes the elastic com-
pliance of the substrate relative to the compliance of the ﬁlm. The ﬁlm is characterized by the length scale parameter
L=t ¼ 0:05 and the hardening modulus is E=Hf ¼ 20, which are held constant for all cases in the model. It will be assumed
that the substrate deforms elastically at all time. In Fig. 7(a) and 7(b), the ﬁlm behaviour is shown for different values of
E. If the substrate is stiff compared to the ﬁlm, which corresponds to a large E, it can be seen that the substrate compliance
effect is negligible on the global parameters load and hardness. Qualitatively, this type of behaviour has also been captured in
simulations by Saha et al. (2001) for the case of a soft ﬁlm on a hard substrate (deformable but stiff). However, when the
substrate stiffness is of the same order as the ﬁlm stiffness, E ¼ 1, these parameters are indeed affected. The most pro-
nounced effect can be observed for larger depths of indentation when the hardness increases due to the presence of the sub-
strate. For a compliant substrate, E ¼ 0:5, the hardness plateau seems to extend such that the hardness increases only
slightly due to the substrate, at the present depths of indentation. If the substrate is very compliant, E ¼ 0:1, the plateau
is never reached for h ¼ 0:5t. The explanation is that the whole ﬁlm/substrate system is bowing out due to the compliant
substrate which is more susceptible to deformation. An identical behaviour has been observed by Zhang et al. (2007) forFig. 5. Ratio of actual contact depth and nominal contact depth as inﬂuenced by the material length scale parameter at h ¼ 0:5t, which indicates pile-up or
sink-in. The transition length scale parameter is denoted L and E=Hf ¼ 40 is used.
Fig. 6. Relations for materials with different hardening modulus Hf . The material length scale parameter is L=t ¼ 0:05. (a) Load–depth relation and (b)
hardness–depth relation.
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ﬁlm is affected in the same way although the substrate deforms beyond elasticity in their analysis. It is also believed that in
simulations, when indentation is performed with a monotonic load and the contact area is obtained directly from the anal-
ysis, this substrate bending effect can be captured with the parameter E only. Quantitative estimates is however not possible
with the present linear elastic model for the substrate, since the aluminum substrate deforms elastic-plastically, which cor-
responds to a non-linearly evolving E. It should be further mentioned that in experiments, the hardness is calculated based
on values of the contact stiffness S ¼ dP=dh, which is strongly affected by E as well as the plastic properties of the substrate.
The assumption of a purely elastic substrate is used throughout the analysis. By studying the effective stress values in the
substrate close to the interface it is found that this is a very good assumption for soft ﬁlms but worse for hard ﬁlms on a soft
substrate. This feature is also enhanced for increased values on the internal length scale parameters and is in good agreement
with results from previous investigations by Saha et al. (2001) and Zhang et al. (2007). However, the region of high stresses
close to the interface is relatively small and it is therefore believed that the assumptions of a purely elastic substrate does not
signiﬁcantly affect the values of the global indentation parameters presented here. In addition, it should be emphasized once
again that for a more detailed study of the ﬁeld variables a ﬁnite strain analysis of the problem is most certainly needed.
5. Discussion
Indentation testing is one of the most easily available methods for extracting elastic and plastic material properties, espe-
cially in the design and testing of thin ﬁlms. Experimentally, tests for thin ﬁlms are far more demanding than indentation
testing of bulk materials. There are several difﬁculties, both when extracting plastic and elastic properties, that one is faced
Fig. 7. Illustration of the inﬂuence of substrate compliance on the predicted ﬁlm response at different depths of indentation. The material length scale
parameter is L=t ¼ 0:05 and the hardening modulus is given by E=Hf ¼ 20. (a) Load–depth relation and (b) hardness–depth relation.
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modulus is even larger than its effect on the determination of hardness. An overestimation is obtained if E > 1 and an under-
estimation if E < 1. Hence, there are notable challenges that complicate testing of thin ﬁlms by nanoindentation as a tool for
material characterization. When it comes to the solution of indentation problems as a way of distinguishing between differ-
ent strain gradient plasticity theories, one is faced with further challenges. Large strains are always involved locally in con-
tact problems. It sets requirements on reliable stress–strain data at large strains, as well as the methods used when solving
the boundary value problem. Nevertheless, indentation testing is one of few available methods for material characterization
which motivates further work on both modelling and experiments.
The small strain approximation used sets limitations in the present analysis. For depths of indentation on the order of
h ¼ 0:5t the strains are signiﬁcant underneath the indenter. Results are difﬁcult to obtain for larger depths of indentation
because strains are too large and elements have to be remeshed. In the results presented, an increase in hardness due to
the substrate has been observed at h < 0:5t, which is earlier than reported in experiments in the literature, see, e.g., Saha
and Nix (2002). Several parameters affect the location of this plateau, e.g., the length scale parameter, substrate compliance
and higher-order boundary conditions. The assumptions of E !1 has a strong inﬂuence on the location of the hardness pla-
teau. Relaxing this condition delays the plateau to larger depths, which also can be seen in Fig. 7(b). This assumption, how-
ever, makes the analysis systematic and clariﬁes the results signiﬁcantly. It is interesting to note however that the discrete
dislocation simulations by Balint et al. (2006), although in a two-dimensional dislocation environment, predict plateau loci
at h ¼ 0:04t; 0:1t for wedge angles a ¼ 5; 10, respectively. This is at even shallower depths than the present predictions.
Furthermore, it should be mentioned that the hardness values reported in Section 4 is not shown for small values of h. This is
due to the discreteness of the model, i.e., when only a few elements are in contact, reliable hardness values are not obtained,
and therefore not shown. In a ﬁnite strain framework, a larger range of results are possible and, hence, an interesting next
step would be to study local parameters such as contact pressure and plastic strain distributions for different length scale
parameters and hardening moduli.
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The strain gradient plasticity theory based on Gudmundson (2004) and applied by Fredriksson et al. (2008) has been used
in a contact analysis of plane strain wedge indentation of a thin ﬁlm on an elastic substrate. Numerical results have been
generated by the ﬁnite element method and focus has been directed towards global parameters such as indentation load
and estimated hardness values for different depths of indentation. Initially, the deformation of the substrate was neglected
in order to perform a more clear and systematic analysis. The inﬂuence of the material length scale parameter as well as the
hardening modulus have been investigated. Subsequently, the impact of substrate compliance has been analysed and obser-
vations in experiments as well as earlier simulations have been captured. The following conclusions can be drawn:
 If the deformation of the substrate is neglected, the following trends can be observed in the hardness predictions: (I) For
small depths of indentation, the hardness decreases as the depth increases. (II) At larger depths, a plateau is reached which
often does not approach the value predicted by conventional plasticity theory. (III) At large depths, the hardness increases
due to the presence of the substrate. All the above phenomena have been observed in experiments, e.g., by Saha and Nix
(2002). Simulations by Saha et al. (2001), using a different constitutive model, have also found qualitatively the same
behaviour. In addition, the plateau values are here found to scale linearly with the material length scale parameter.
 The hardening modulus of the material strongly affects the hardness raising effect of the substrate. A material which is
more prone to hardening will display a larger increase in hardness due to substrate effects, than a material with a lower
degree of hardening.
 The substrate compliance strongly affects the hardness predictions, in particular the location of the plateau. The ﬁlm/sub-
strate system then gradually starts to bow out, which will affect the calculated hardness values as well as the actual mea-
sured penetration of the indenter into the ﬁlm. Simulations by Zhang et al. (2007) have reported similar behaviour for a
hard ﬁlm on a soft substrate, although modelled with other constitutive models.
 Depending on the deformation ﬁeld, the material at the indenter may be piled-up or sinked-in. The material length scale
parameter has a large impact on the amount of plastic deformation in the ﬁlm such that a transition length scale L has
been found that separates these two deformation modes.
Finally, it should be emphasized, as already mentioned above, that most of the conclusions listed above are in good agree-
ment with previous numerical studies of similar indentation problems using different constitutive descriptions of strain gra-
dient plasticity and other sharp indenter geometries. Consequently, it can be concluded from the present investigation that
at least the qualitative behaviour (of global indentation variables) are not very sensitive, at indentation of thin ﬁlm/substrate
systems, of these two features.
Acknowledgment
Theauthor gratefullyacknowledge theﬁnancial support fromtheSwedishResearchCouncil under contract621-2001-2643.
References
ABAQUS/Standard 6.7, 2006. Abaqus Users’ Manual. (www.simulia.com).
Balint, D.S., Deshpande, V.S., Needleman, A., Van der Giessen, E., 2006. Discrete dislocation plasticity analysis of wedge indentation of ﬁlms. J. Mech. Phys.
Solids 54, 2281–2303.
Bhattacharya, A.K., Nix, W.D., 1988. Finite element analysis of cone indentation. Int. J. Solids Struct. 27, 1047–1058.
Biwa, S., Storåkers, B., 1995. An analysis of fully plastic brinell indentation. J. Mech. Phys. Solids 43, 1303–1333.
Carlsson, S., Biwa, S., Larsson, P.-L., 2000. On frictional effects at inelastic contact between spherical bodies. Int. J. Mech. Sci. 42, 107–128.
Chen, S., Liu, L., Wang, T., 2004. Size dependent nanoindentation of a soft ﬁlm on a hard substrate. Acta Mater. 52, 1089–1095.
Fleck, N.A., Hutchinson, J.W., 2001. A reformulation of strain gradient plasticity. J. Mech. Phys. Solids 49, 2245–2271.
Fredriksson, P., Gudmundson, P., Mikkelsen, L.P., 2008. Finite element implementation and numerical issues of strain gradient plasticity with application to
metal matrix composites. Technical report No. 449, Department of Solid Mechanics, Royal Institute of Technology, Stockholm.
Gao, H., Huang, Y., Nix, W.D., Hutchinson, J.W., 1999. Mechanism-based strain gradient plasticity – I. Theory. J. Mech. Phys. Solids 47, 1239–1263.
Giannakopoulos, A.E., Larsson, P.-L., Vestergaard, R., 1994. Analysis of Vickers indentation. Int. J. Solids Struct. 31, 2679–2708.
Gudmundson, P., 2004. A uniﬁed treatment of strain gradient plasticity. J. Mech. Phys. Solids 52, 1379–1406.
Huang, Y., Gao, H., Nix, W.D., Hutchinson, J.W., 2000. Mechanism-based strain gradient plasticity – II Analysis. J. Mech. Phys. Solids 48, 99–128.
Johnson, K.L., 1970. The correlation of indentation experiments. J. Mech. Phys. Solids 18, 115–126.
Johnson, K.L., 1985. Contact Mechanics. Cambridge University Press, Cambridge.
Larsson, P.-L., 2006. Modelling of sharp indentation experiments: some fundamental issues. Philos. Mag. 86, 5155–5177.
Larsson, P.-L., Söderlund, E., Giannakopoulos, A.E., Rowcliffe, D.J., Vestergaard, R., 1996. Analysis of Berkovich indentation. Int. J. Solids Struct. 33, 221–248.
Laursen, T.A., Simo, J.C., 1992. A study of the mechanics of microindentation using ﬁnite elements. J. Mater. Res. 7, 618.
Mesarovic, S.D., N.A., Fleck, 1999. Spherical indentation of elastic–plastic solids. Proc. Roy. Soc. London A 455, 2707–2728.
Nix, W.D., Gao, H., 1998. Indentation size effects in crystalline materials: A law for strain gradient plasticity. J. Mech. Phys. Solids 46, 411–425.
Pethica, J.B., Hutchings, R., Oliver, W.C., 1983. Hardness measurement at penetration depths as small as 20 nm. Philos. Mag. A 48, 593–606.
Saha, R., Nix, W.D., 2002. Effects of the substrate on the determination of thin ﬁlm mechanical properties by nanoindentation. Acta Mater. 50, 23–38.
Saha, R., Xue, Z., Huang, Y., Nix,W.D., 2001. Indentation of a soft metal ﬁlm on a hard substrate: strain gradient hardening effects. J. Mech. Phys. Solids 49, 1997–2014.
Swadener, J.G., George, E.P., Pharr, G.M., 2002. The correlation of the indentation size effect measured with indenters of various shapes. J. Mech. Phys. Solids
50, 681–694.
Tabor, D., 1951. Hardness of metals. Oxford University Press, Oxford.
Zhang, F., Saha, R., Huang, Y., Nix, W.D., Hwang, K.C., Qu, S., Li, M., 2007. Indentation of a hard ﬁlm on a soft substrate: strain gradient hardening effects. Int. J.
Plast. 23, 25–43.
